The Null Melvin Twist to D4 brane background has been studied and putting in a bunch of coincident D8 and anti-D8 branes a la Sakai-Sugimoto model results in a breakdown of a global symmetry to its diagonal subgroup. The same is studied at finite temperature which results in the unchanged form of the chiral symmetry breaking and restoration curve. The effect of turning on a finite chemical potential do not changes the structure of the phase diagram with respect to Null Melvin Twist. Moreover, the confining and de-confining phase transition has the same structure as in the absence of Null Melvin Twist.
Introduction
It is certainly important and interesting to understand the strongly coupled feature of any field theory but in practice it is not an easy job. However, it can be made easy, in some limit, if we know the corresponding gravity dual. In this context, if we know a system that preserve some symmetry may be relativistic or non-relativistic type, then the way to understand is by the prescription of gauge gravity correspondence, which means one need to find an appropriate geometric description for a system whose dual field theory at strong coupling exhibiting the above symmetry.
In general it is not easy to find such a gravitational description, but given a gravity description which respects that symmetry, it is easy to generate another gravitational description, using the symmetry of the problem. In this context, if we start with a theory that has, let us say, Poincare symmetry then using the solution generating techniques we can have new solutions for which the system can have the same or different symmetry. Here we are interested in the subgroup of the original symmetry group i.e. it possesses the Galilean symmetry. This new solution is obtained by the use of Null Melvin Twist (NMT) or the Discreet Light Cone Quantisation (DLCQ). One of the difference between these two techniques is that in the later case the light cone direction need to be compact, which means the momentum can not be any more continuous, whereas in the earlier case we do not require this to be the case otherwise we won't be able boost along the this direction and the momentum is continuous. Because of this compact nature of the light cone direction, special care need to be required for the zero modes [1] , for other important references see [2] and [3] and references therein.
In this paper we shall employ the earlier approach i.e. the null Melvin twist to generate new gravitational solution from the known solution. The effect of NMT is to generate a solution which is of the plane wave type [4] and some aspects of the dual field theory has been studied in [5] .
In this context, the solution generating technique [4] has been applied to the super conformal solution of D3 brane and new solutions has been obtained and has been interpreted as the solution showing non-relativistic conformal symmetry [6] and [7] . This solution generating technique is becoming interesting due to the appearance of Galilean (conformal) invariance and is believed to be useful in the understanding of the strongly coupled behaviour of some condensed matter systems. Recently, the explicit form of a solution has been constructed which preserves this symmetry [8] and [9] and this solution has been embedded in string theory in [3] , [6] and [7] using the above mentioned techniques.
There has been several other important, interesting and independent studies by other groups [12] , [13] , [14] , [10] , [11] and references therein.
Recently, there appeared another solution [17] in 3+1 dimension, which has an intrinsic exponent z in a coordinate independent way i.e. the Ricci scalar, square of Ricci tensor R M N R M N and the square of Riemann tensor R M N KL R M N KL depends on this exponent z, whereas the metric written in [8] , [9] , [7] , [6] do depends on this exponent but not the coordinate invariant quantities. Probably, we can say that both of these kind of solutions do not fall in the same class. Another way to see these solutions are not of the same type is that one type of solutions are of plane wave type whereas [17] is not. It is interesting to note that for z=1 both of these kind of solutions satisfy the relation R M N ∼ g M N , whereas as soon as we go away from z=1 then none of these solutions preserves the relation R M N ∼ g M N . Which we may interpret as that both of these class of solutions are non-maximally symmetric space times for z away from 1. We can generalize the solution of [17] by introducing another exponent and study the correlation function [18] .
The NMT has already been applied to systems for odd value of p of Dp brane which are charged under electric field in [19] and some other systems using different techniques in [20] - [23] and some other aspects of the plane wave solutions has been studied in [24] - [31] and references therein.
Here we are interested to study a daughter field theory via gauge gravity duality whose parent field theory exhibits some interesting properties, namely, shows confinement and upon inclusion of flavors it shows chiral symmetry breaking and at finite temperature the system restores the chiral symmetry.
The study of strongly coupled field theory via AdS/CFT correspondence has attracted a lot interest and attention. In this context, the obvious thing to try and understand is the study of the strongly coupled behavior of QCD, but to understand QCD via the above mentioned correspondence means we are studying it in the large but fixed 't Hooft coupling and at large rank of the gauge group. More importantly, finding a suitable geometric description of QCD has been very non-trivial. Moreover, QCD contains flavor degrees of freedom, which transforms fundamentally under the color gauge group, it means from the holographic dual bulk theory point of view, we need to include flavors and there exists an approach to incorporate and fix the arbitrariness of the number of flavors.
One such approach is called the probe-brane approximation, where one considers the limit in which the number branes that produces the gluonic degrees of freedom, called color branes, are large in comparison to the number of flavors [33] . It means the flavor branes do not back react on the color branes and hence the presence of flavor branes are not going to change the background geometry generated by the color brane. In order to understand the physics of these flavors more accurately, one need to consider the full back reaction of the flavor branes onto the color brane.
The studies to understand several properties of QCD till now is either by the top-down [39] or the bottom-up approaches [34] , [35] and [36] . In the former case one starts with a theory which has got either the right color gauge group, matter content and couplings or it shares some features with QCD. One such example is the Sakai-Sugimoto model, which displays confinement and chiral symmetry breaking, and this particular approach has got its own problem, like one has to deal here via the probe brane approximation, an unwanted SO(5) symmetry group, and the most trouble some unwanted complication is the presence of KK modes 1 . However, it is not the case with the bottom-up approach, where one starts with a theory with a minimal matter content and the gauge group and assumes that it has the correct coupling and then proceeds to calculate several interesting quantities like chiral symmetry breaking and current-current correlators [34] using AdS/CFT correspondence.
From the days of AdS/QCD, several interesting studies have been made to understand the holographic QCD better. In this context, the IR properties like chiral symmetry breaking, its restoration, confinement and the transition between the confining and de-confining phases have been understood [41] - [46] from the top-down approach, than its UV properties like the asymptotic freedom [35] , which is studied using the bottom-up approach. Since these are the most important properties of QCD, means we should have them when we construct any model holographically, at least it should fall in the same class of QCD by showing these properties. Until, now it has not been possible to embed all these properties into a single model from top-down approach. The vev of the bi-fundamental field associated to the chiral symmetry breaking is studied in [47] , [48] and [52] using open Wilson line and tachyon condensation in [49] , [50] and [51] .
In this paper, we would like to understand better the Sakai-Sugimoto model. In particular, applying the Null Melvin Twist (NMT) to the near horizon limit of D4 brane solution, generates a solution that asymptotes to a plane wave solutions and would study different aspects of Sakai-Sugimoto model like: how does this deformation to the original solution changes confining de-confining transition and also the chiral symmetry breaking and restoration curve?
The results of this study can be summarized as:
(1)The application of NMT to the near extremal solution breaks the rotational symmetry SO(5) transverse to the D4 brane. However, it does not break the SO(5) symmetry of the zero temperature solution.
(2)Even though there is no rotation in the NMT resulted solution but there appears the angular dependence in the metric component parallel to the brane direction. The consequence of this is that the scalar field moving in this geometry is not anymore just a function of the radial coordinate at zero frequency and zero momentum, which makes the computation of the correlation functions very complicated.
(3) As a result the coefficient of shear viscosity is not any more given by the formula eq(3.6) of hep-th/0309213.
(4) The NMT resulted solution to the D4 brane has got the same fourform field strength for both zero and non-zero temperature solution. The dilaton for the non-zero temperature is different whereas at zero temperature it remains same.
(5)The periodicity associated to Euclidean time circle for the black hole solution and the τ circle for the zero temperature solution are same as before the application of NMT.
(6)The curve that describes the chiral symmetry breaking and restoration [42] , [46] remains unchanged.
(7)The curve for confining and de-confining transition [42] , [46] also remain unchanged.
The D4 brane solution
Let us consider a model that talks about generating holographically a gravity solution which may fall in the same class as that of QCD as far as only confinement and chiral symmetry breaking is concerned. The model is based on the D4 brane solution with no supersymmetry, in string frame it reads
where
, ǫ 4 is the volume form of the unit S 4 and
s . Note that only this form of normalization of the F 4 flux satisfy the necessary flux quantization condition in units of 2πl s = 1, which is
and if we do not work in any such units then v 4 = 2π 3l 3 s and the normalization condition is
This background is reliable for a certain range of energy scale [40] , for which the effective coupling in field theory should be very large or in other words the Ricci scalar should be very small in units of string length, l s . To suppress the effects of string loop corrections, we need to take small values to dilaton, e Φ ≪ 1. According to gauge gravity correspondence, the five dimensional coupling is related to a dimensionless effective coupling g ef f [40] 
where U = r α ′ and the four dimensional 't Hooft coupling is related to the five dimensional coupling
where 2πR τ is the periodicity of the τ circle and is written in eq(55). It follows that the four dimensional 't Hooft coupling is g
From the D4 solution, the Ricci scalar gets a maximum value at r = ( ) 1/3 r 0 and is
Demanding that α ′ |R s | ≪ 1 gives
which means the four dimensional 't Hooft coupling is large i.e. g 2 Y M N c ≫ 1. So, roughly, its the energy that stay close to IR makes the gravity description reliable.
From the dilaton constraint we get
Null Melvin Twist
We would like to do Null Melvin Twist (NMT) to backgrounds of the form
There could be other fields present that are coming either from the NS-NS or RR sector or both. As a particular example, we shall stick to the D4 brane geometry, for which there are not any other fields coming from the NS-NS sector apart from dilaton. The dilaton
and the 4-form flux is taken as
where f 0 is some normalization constant and ǫ 4 is the volume form of the 4-sphere. Later we shall decompose the metric of dΩ 2 explicitly when we do the twist along one of its isometry direction.
The proposal of doing Null Melvin twist consists of six steps [4] . 1. Boost along a translationally invariant direction, y, by an amount γ. 2. T-dualize along this direction, y. 3. Twist a one form i.e. do rotations in different planes 4. T-dualize again on y. 5. Boost by -γ along the same direction, y 6. Take a specific limit in which α → 0, γ → ∞ and keeping β = 1 2
By going through these 6 steps, we generate a new background and in the β → 0, we get back our original solution.
Notation: c = cosh γ, s = sinh γ Let us start to do the NMT for the geometry written above 2 .
Step 1:
Step 2:
In order to perform step 3, let us write down the metric of unit 4-sphere as dΩ
with the restriction x 
where we have done equal rotation in both the planes. This gives the resulting unit 4-sphere metric
A specific realization of unit S 4 could be
with the ranges for the angles are 0
, 0 ≤ ψ, χ ≤ 2π. It means the resulting unit 4-sphere metric with this realization becomes
The one form
and the dΩ
where dΩ
Due to this twisting the volume form ǫ 4 will be different. This can be seen as follows.
The metric of the unit 4-sphere can be re-written as
The volume form of this metric is
expressing this in terms of the angular coordinates give
Now using the following fact
we get
This means the volume form changes under the twisting to
It means under this twisting the five form flux generated after step 2, do not gets changed.
Step 3: After the twist the solution looks as
Step 4: T-dualizing the solution along y direction that resulted after step 3 gives
Step 5: Boosting the solution after step 4 by an amount −γ gives
Step 6: The final step is to take a proper limit for which α → 0 and γ → ∞ with β = α 2 e γ fixed, gives
The simplified form of the NMT resulted D4 brane geometry can be written as
Upon doing the following change of coordinates, t = (t + ξ), we can rewrite the metric in a form that shows explicitly the ppwave structure.
For the example at hand the functions are
which describes a black hole and v 4 is the unit volume of S 4 , whose value is
. Re-writing the solution in a better looking way
In this case it follows that the original SO(5) symmetry transverse to the D4 brane is broken to SO(3) × U (1) 2 . The SO(3) is spanned by the θ, ϕ coordinates and the two U(1)'s follow from χ and ψ coordinates.
Let us do a double Wick rotation to the solution that is presented in eq (9) , then the resulting solution shows a very interesting property that is confinement.
If the functions are
then it describes a system at zero temperature which shows confinement for β = 0. Note that for non-zero β = ± cosec θ 0 r 0 , the surface (r, θ) = (r 0 , θ 0 ) shows that the g yy goes to zero. This is just an artifact of the coordinate system we used.
Note in this case A + B = 0, which means the function K = 1 and the solution can be written in a better way as
In this case the symmetry transverse to the D4 brane is not broken by the NMT twist that is the SO(5). It is very easy to conclude that eq(41) cannot be generated from eq(39) by a double Wick rotation and it implies that NMT do not commute with Wick rotation.
Let us do some change of coordinates t = (t + ξ) and ρ = 2 R 3/2 √ r , using these we can rewrite the solution eq(41)
with the
Now we have got two "exponents" z and ν along with a function S(θ).
As a comparison with an extremal D3 brane [9] z = 2, ν = 0, S(θ) = 1.
Now we may say that the field theory living in 3+1 dimension possessing the Galilean symmetry should have a five dimensional geometry
The exponents ν and z are both "dynamical" in the sense that as it depends on the dimensionality of the brane. Hopefully, it will appear in the realistic sense i.e. in the result of the correlation function
This is true for any Dp brane with an exception to D5 brane. Summarizing, the above analysis it follows that the more feasible looking interpretation would be that the part of the 5d geometry, on the boundary of whose the field theory lives, in general can have two exponents z and ν which depends on p of Dp brane and it admits non-relativistic non-conformal symmetry and for p=3 it shows as usual the non-relativistic conformal symmetry.
The above classification is independent of whether the ten dimensional solution have a piece that admit a Sasaki-Einsteinian structure or not.
One interesting point to note that the solution eq(39) has two limits β → 0 and r T → 0. In the former limit it goes over to the original solution that we started out with i.e. the non-extremal black D4 brane solution. In the latter limit we get a solution which is the result of applying Null Melvin twist to the extremal D4 brane solution.
For completeness, let us summarize all the solutions, which may be of importance in the study of the AdS/QCD from top-down approach 3 Since the r T → 0 limit gives us an extremal solution means this is not of much important to us in the present study, however could be very interesting to understand the mesonic and glue ball spectrum in the light of study of AdS/QCD. We shall take only the β → 0 limit of solutions eq(39) and eq(41) for our further study.
Note that the solution eq (39) is not a rotating solution as the coordinate y is non-compact. It is also very surprising to see that the metric components depends on the angular coordinate θ, even without rotation.
Is this generic to Dp brane solution with an even dimensional sphere, in this case S 4 , transverse to the brane directions ? The answer is yes. Just to see that let us write down the metric of a D dimensional sphere
with a restriction x Let us do a rotation of (say) x j and x j+1 plane as
where y is the isometry direction along which we have done the boosting. This rotation means
Now it easily follows that the metric of a D=2d dimensional sphere, after the rotation
whereas for an odd dimensional sphere, D = 2d + 1, the metric after rotation
The coefficient of g yy of the sphere part of the metric is going to appear all over the places once we do T-duality along this direction following the rules of Null Melvin Twist. Hence the appearance of the angular variable on the metric component is a must.
The temperature of NMT resulted black hole solution eq (39) is same as the one before applying NMT to the corresponding black hole solution. Similarly, the periodicity of the extremal solution eq (41) is same as the solution before applying Null Melvin Twist. Which means the temperature of the black hole solution and the periodicity of the compact circle τ of the extremal solution are independent of the parameter β.
In order to see these, first we have to compute the surface gravity
where ε b is a null Killing vector defined on the horizon. The temperature of the black hole is defined as T H = κ 2π . Similarly to compute the periodicity of the circle τ = x 4 , we define an analogous quantity "surface gravity" but this time without the minus sign
where ǫ b is a null Killing vector defined on the surface for which g x 4 x 4 vanishes. The inverse periodicity of this circle is defined as , we get
Another interesting thing is that the entropy of the black hole solution eq(39) do not depends on the twist parameter β. This is in agreement with [4] . Note that the solution eq(39) is written in string frame.
For completeness the solution of the black hole in Einstein frame is
and the extremal solution is
Chiral symmetry restoration
The chiral symmetry restoration is studied [42] , [43] by introducing flavor D8 and anti-D8 branes placed at two different points of the compact coordinate τ , which has the periodicity τ ∼ τ +2π. The gauge symmetry on these branes is interpreted following Sakai-Sugimoto as the chiral symmetry U(N f )×U(N f ).
In the zero temperature both the branes and anti-branes get joined together so as to break this symmetry to its diagonal subgroup whereas in the finite temperature case they get separated and finally end on the horizon. This form the field theory point of view is interpreted as the chiral symmetry restoration.
Here we would like to see how do these global symmetry U(N f ) × U(N f ) breaks to its diagonal subgroup. Probably, its difficult to define chirality in a theory that admits non-relativistic symmetry, so instead we shall interpret the breakdown of the symmetry as a breakdown of a global symmetry and chiral symmetry means we are talking about the global symmetry
In order to proceed and do the calculation in this setting let us recall that the dynamics of these flavor branes are described by the DBI and CS actions, which are
and
where [ ] denotes pull-back of the space time fields onto the world volume of the brane. In the case of interest, it is trivial to see that the CS action is not going to contribute. Hence, the only contribution comes from the DBI part. Also, in the action we have included gauge field in the action, whose interpretation from the field theory point of view is that turning on the chemical potential for the baryon number, for non-trivial electric field, F 0r = −∂ r A 0 , [45] .
The induced metric on the flavor brane, by assuming that we are only exciting the s-wave part of the mode i.e. taking the embedding to be a function of only the radial direction, for the most general solution after step 6 i.e. the eqs (35) , is
where τ ′ (r) = dτ dr , whose β → 0 limit will give the the induced metric on the flavor brane of the geometry eq(9) and taking the functions A, B, C, D, δ ii and K appropriately can give us the induced metric for a black hole or at zero temperature, i.e. the choice of eq (38) and eq (40), respectively.
The square root of the determinant of the relevant quantity ([g + B] ab + F ab ) with the induced geometry written in eq(60)
where we have only turned on the electric flux associated to the U(1) field strength i.e. F r0 . The dilaton
It means the action of the flavor brane
which is independent of the parameter β. It just follows trivially that the action of the flavor branes before and after the Null Melvin Twists are the same. This can be confirmed by calculating the action of the flavor branes from the 10 dimensional geometry eq(9) with an electric field, F r0 , turned on the world volume of the flavor brane, for the functions, as written in eq (38) . Similarly, evaluating eq(63) using the functions as written in eq (40) gives the same answer as that using the 10 dimensional geometry eq(9) and eq(63). The consequence of all this is that the chiral symmetry breaking and restoration curve remains unchanged with respect to Null Melvin Twist. This can be seen very easily by taking the difference of the flavor branes evaluated on the non-zero and zero temperature backgrounds. Its because, we saw that the actions for the flavor branes remain same under Null Melvin Twist. As a result, the distance of separation between the quarks, L, remain same and hence the curve that describes the chiral symmetry restoration curve LT = c, remains same, where c is a constant and whose value is less than one.
Confinement and De-confinement transition
The confinement and de-confinement transition is a property of the bulk solution [32] and can be studied by computing the on-shell action which by AdS/CFT is related to the free energy of the system. The action of the D4 brane with the non-trivial degrees of freedom such as metric, dilaton, 2-from and 4-form antisymmetric fields, g M N , Φ, B 2 , F 4 , respectively, is
The trace of the equation motion of metric give
(65) Now we shall eliminate H M N P H M N P and write down the action in terms of other fields
In order to compute the on shell action we need to know each terms that appear in the action. Various quantities of black hole solution eq(56) are
Adding all these terms with the appropriate coefficients that appear in action eq(66)
and 2πR τ is the periodicity of the τ circle and the range of integration for the radial coordinate is from the horizon to a large value R ⋆ . For the extremal solution eq(57), various expressions are It is easy to see that in the β → 0 limit, eq(67) goes over to eq(69). Note that the Ricci-scalar of eq(57) do not depend on the parameter β, even though the solution do. Now, the action for the extremal case 
whereβ is the periodicity of the Euclidean time circle and 2πR τ is the periodicity of the τ circle in the extremal case.
The periodicityβ is not arbitrary but is computed by taking the circumference of the Euclidean time circles be same for both the black hole and the extremal case, for a large value of the radial coordinate [32] 
and is related to the periodicity β H of the black hole as
and similarly for the compact x 4 = τ circlẽ
In the limit R τ T H < 1 2π
, then the extremal configuration has got lower free energy and is preferred and if R τ T H > 1 2π then the black hole phase is preferred. The curve that describes the confining de-confining phase transition is exactly the same as in the β → 0 limit.
Conclusion
We have analyzed different aspects of Null Melvin twist to D4 brane solution with the asymptotic to that of a plane wave. The resulting background at zero temperature shows confinement and at finite temperature becomes a black hole. The result of this study is showing some interesting properties that is the curve that describes the confining de confining phase transition remains unchanged so also all the periodicity at zero and non-temperature. Upon inclusion of the flavors via a bunch of coincident D8 and anti-D8 branes shows that the curve that describes the chiral symmetry breaking and restoration remains unchanged.
The vev associated to the operator which transforms bi-fundamentally under the color gauge group, for the breakdown of the chiral symmetry i.e. the chiral condensate can be calculated using the top-down prescription [47] and [48] which is given by computing the expectation value of the open Wilson line that is stretched between the D8 and anti-D8 branes and the world sheet of the Wilson line that is extended along r and τ directions. It is interesting to know that the (r, τ ) part of the metric written in eq(57), do not depends on the parameter β, which means the chiral condensate also remains unchanged under Null Melvin Twist.
It has certainly become very interesting to understand more about the solution presented in [17] . Unlike the solutions [8] , [9] , [6] and [7] , this solution has got an intrinsic exponent z, in the sense that all the coordinate invariant quantities depends on this exponent in a very non-trivial way and more importantly, the solution is not of the plane wave type.
